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\S 1. INTRODUCTION
, ( ), ( )
. , $[2,3]$ , \S 2
rank 1 \S 6
, , spectral singularity




$i\partial_{t}u(x, t)=-_{\partial^{\mathrm{v}_{x}}}\partial^{2}u(x, t)+\alpha\langle\delta(\cdot),u(\cdot, t)\rangle\delta(x)$ ,
$u(x, 0)=f(x)$ ,
$\alpha\in \mathbb{C},$ $({\rm Im}\alpha\leq 0)$ ( \S 2),
(1.2) $\{$
$w_{tt}(x, t)-\Delta w(x, t)+b(x)w_{t}(x,t\rangle=0,$ $(t, x)\in(\mathrm{O}, \infty)\cross \mathbb{R}^{N}$ ,
$w(x, 0)=w_{0}(x)$ , $w_{t}(x, 0)=w_{1}(x)$ ,
$N\geq 1,$ $b(\cdot)\in C^{1}(\mathbb{R}^{N}\backslash \{0\})$ ,
(1.3) $\{$
$w_{tt}(x, t)-\Delta w(x, t)=0$ , $(x, t)\in \mathbb{R}^{3}\cross \mathbb{R}_{+}$ ,
$i\sqrt{\sigma}w(\mathrm{O}, t)-w_{r}(0, t)=0$ , $t\in \mathrm{R}_{+}$ ,
$w(\mathrm{O}, x)=w_{0}(x)$ , $w_{t}(0, x)=w_{1}(x)$ , $x\in \mathbb{R}^{3}$ ,
, $\sigma\in \mathbb{C}$ .
, Hilbert $X$ $A$
:
${\rm Im}\langle Au, u\rangle\leq 0$ , $u\in D(A)$ ,
, $\rangle$ , $D(A)$ $A$ .1
(1.1), (1.2) :
$H_{\alpha}=H_{0}+\alpha\langle\cdot, \delta\rangle\delta$
$({\rm Im}\alpha\leq 0)$ ,
(1.1’) $iu_{t}(t)=H_{\alpha}u(t)$ , $u(\mathrm{O})=f$ ,
1 cf. $[4,6|$
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( $\alpha=0$ ),
$\ovalbox{\tt\small REJECT}=i$ , $\vec{w}(t)=$
,
(1.2’) $i\vec{w}_{t}(t)=H_{b}\vec{w}(t)$ , $\vec{w}(0)=(_{w_{1()}}^{w_{0}()}:)$
($b=0$ ). (
\S 2, \S 3 ).
, “ $tarrow+\infty$ ”,










$f$ – . (1.1)
.




, \S 2 (11) , \S 3 (1.2) (1.3) ,
\S 4, \S 5 .
\S 2. RESULTS FOR (1.1)




$\sigma_{p}(A)=\{z\in\sigma(A)|$ there exists $f\neq 0$ such that $Af=zf\}$
: the set of point spectrum of $A$ .
$\sigma_{r}(A)=\{z\in\sigma(A)|z\not\in\sigma_{p}(A)$ , the range space of $(A-z)$ is not dense in $X\}$
: the set of residual spectrum of $A$ .
$\sigma_{c}(A)=\{z\in\sigma(A)\backslash (\sigma_{p}(A)\cup\sigma_{\mathrm{r}}(A))\}$ : the set of continuous spectrum of $A$ .
$\sigma_{ess}.(A)=\{z\in\sigma(A)\backslash \sigma_{d}(A)\}$ : the set of essential spectrum of $A$ ,
where $\sigma_{d}(A)=\{z\in\sigma(A)|z$ is an isolated eigenvalue with finite $\mathrm{m}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{y}\}$
(the set of discrete spectrum).
$\mathcal{H}=L^{2}(\mathbb{R})$ , $H_{\alpha}=-d^{2}/dx^{2}+\alpha\langle\cdot, \delta\rangle\delta(x)$
. $\langle\cdot, \cdot\rangle$ $H^{1}(\mathbb{R})$ $H^{-1}(\mathbb{R})$ coupling .3 , H
$(\mathrm{c}\mathrm{f}.[1])$ :
$D(H_{\alpha})=\{U\in H^{1}(\mathbb{R});U’(\mathrm{O}+)-U’(\mathrm{O}-)=\alpha U(0), \chi_{(0,\infty)}U’’+\chi_{(-\infty,0)}U’’\in \mathcal{H}\}$,
$\chi_{I}$
$I$ .
Theorem 2.1 (Spectral structure of $H_{\alpha}$ ). $\alpha=\alpha_{1}+i\alpha_{2}$ , $\alpha_{1}\leqq 0,$ $\alpha_{2}\leqq 0$
. H :
$\sigma(H_{\alpha})=\{$
$[0,$ $\infty\rangle\cup\{-\frac{\alpha^{2}}{4}\}$ $(\alpha_{1}<0)$ ,
$[0, \infty)$ $(\alpha_{1}=0)$ .
$\sigma(H_{\alpha})$ ,




, $- \frac{\alpha^{2}}{4}$ $(\alpha_{1}\neq 0)$ $P_{-\alpha^{2}/4}$ , :
(P) $P_{-\alpha^{2}/4}f=-\alpha/2\langle f, e^{(\overline{\alpha}|\cdot|)/2}\rangle e^{(\alpha|x|)/2}$ .
:
$\mathrm{K}\mathrm{e}\mathrm{r}P_{-\frac{\alpha^{2}}{4}}+\mathrm{R}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}P_{-\frac{\alpha^{2}}{4}}=\mathcal{H}$ , KerP- $\mathrm{R}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}P_{-\frac{\alpha^{2}}{4}}=\{0\}$ .
, $f\in \mathcal{H}$ – :







(i) $\alpha_{1}<0,$ $\alpha_{2}<0$ .
$\mathrm{K}\mathrm{e}\mathrm{r}W(\alpha)=\mathrm{R}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}P_{-\frac{\alpha^{2}}{4}}$ .
(ii) $\alpha_{1}=0,$ $\alpha_{2}<0$ . ,
$\mathrm{K}\mathrm{e}\mathrm{r}W(i\alpha_{2})=\{0\}$ .
Corollary 2.3 (The classiflcation of asymptotics by the initial data).
(i) $\alpha$ Theorem 1.S (i) . $f\in \mathcal{H}$ (2.1)
, :




(D) $f_{s}=0$ if and only if $\lim_{tarrow\infty}||e^{-itH_{\alpha}}f||=0$ $(e^{-itH_{\alpha}}f=e^{i\frac{\alpha^{2}}{4}t}f_{d})$ .
(ii) $\alpha$ eorem 1.3 (ii) . :
$f\in \mathcal{H}$ and $f\neq 0$ if and only if $\{$
$\lim_{tarrow\infty}||e^{-itH:}\alpha_{2}f-e^{-itH_{\mathrm{O}}}W(i\alpha_{2})f||=0$ ,
$W(i\alpha_{2})f\neq 0$ .
CoroUary , (1.1) $tarrow$
$+\infty$ $L^{2_{-}}$ . (i) $tarrow+\infty$
$f$ f\in KerP- (ii) $f$
$-_{\overline{4}}$
(11) $||u(\cdot, t)||$ .
\S 3. RESULTS FOR (1.2) AND (1.3)
$(\mathrm{c}\mathrm{f}.[3])H^{m}=H^{m}(\mathbb{R}^{N}),\dot{H}^{m}=\dot{H}^{m}(\mathbb{R}^{N})(m\geq 0)$ and $L^{2}=H^{0}$ . ,





Theorem 3.1. $b(x)=b_{0}(x)$ :
(3.1) $b_{0}(x)=\{$
$(3-N)|x|^{-1}$ $(N=1,2)$ ,




$f(|x|)$ , $(N\geq 2)$
78
where $f(|x|)=e^{\beta|x|}g(|x|),$ $\beta<0$ and $g\in S’$ , (1.2)
$w(t, x)=\{$
$|x|f(|x|+t)$ , $(N=. 1)$
$f(|x|+t)$ . $(N\geq 2)$
. $f\in B$ , $t$ .
Theorem 3.2. $b(x)=b_{0}(x)$ (3.1) .
$\ovalbox{\tt\small REJECT}=1$
,
$D(H_{b})=\{v=(v_{1}, v_{2})\in E|H_{b}v\in E\}$ ,
$E=\dot{H}^{1}(\mathbb{R}^{N})\cross L^{2}(\mathbb{R}^{N})$ . $N\geq 3,$ $(3.1)$ .
,
$\sigma_{\mathrm{p}}(H_{b})=\mathbb{C}_{-}$ , $\sigma_{r}(H_{b})=\emptyset$ ,
$\sigma_{c}(H_{b})=\mathbb{R}$ , $\rho(H_{b})=\mathbb{C}_{+}$ .
( \S 2 )




$w_{0}(x)=f(r)\equiv e^{i\sqrt{\sigma}r}$ , $w_{1}(x)=0$ ,
$\sigma\in \mathbb{C},$ $Im\sigma<0,$ $Im\sqrt{\sigma}>0$ . (1.3) $w(t, x)=f(r+t)$
, $t$ .
\S 4. OUTLINE OF THE PROOFS OF THEOREMS IN \S 2
:
1. $H_{\alpha}$ maximal dissipative operator .
2. $H_{\alpha}^{*}=H_{\overline{\alpha}}$ .
3. $(H_{\alpha}-z)^{-1}$ .
4. $H_{\alpha}$ , .
5. $W(\alpha)$ .
6. Fourier $=\mathcal{F}_{0}W(\alpha)$ .
, 3,4,6 . $H_{\alpha},H_{0}$
:
$R_{\alpha}(z)=(H_{\alpha}-z)^{-1}$ , $R_{0}(z)=(H_{0}-z)^{-1}$ .
3, 4 . .
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Lemma 4.1. (cf.[l]) $\varphi=\delta$ , $\alpha=\alpha_{1}+i\alpha_{2},$ $\alpha_{1}\leqq 0$ $\alpha_{2}\leqq 0$ .
, $f\in \mathcal{H}$ :
$R_{\alpha}(z)f=$ h $(z)f-\alpha\{1+\alpha\langle R_{0}(z)\varphi, \varphi\rangle\}^{-1}\langle R_{0}(z)f, \varphi\rangle$ $(z)\varphi$
$z\in\rho(H_{0})\cap\{z\in \mathbb{C}|1+\alpha\langle R_{0}(z)\varphi, \varphi\rangle\neq 0\}$ .
, $f\in \mathcal{H}$ ,
(4.1)
$(R_{\alpha}(z)f)(x)=(R_{0}(z)f)(x)+ \int_{\mathbb{R}^{1}}K(x, y;z)f(y)dy$ ,
where $K(x, y;z)=- \frac{\alpha}{2i\sqrt{z}(2i\sqrt{z}-\alpha)}e^{i\sqrt{z}(|x|+|y|)}\in L^{2}(\mathbb{R}_{x}^{1}\cross \mathbb{R}_{y}^{1})$
${\rm Im}\sqrt{z}>0$ ,
$z\in\rho(H_{\alpha})=\{$
$\mathbb{C}\backslash ([0, \infty)\cup\{-\alpha^{2}/4\})$ $(\alpha_{1}<0)$ ,
$\mathbb{C}\backslash [0, \infty)$ $(\alpha_{1}=0)$ ,
, $\alpha_{1}<0$ , $e^{\alpha|x|/2}$ . , $\sigma_{ess}(H_{\alpha})=[0, \infty)$ .
$H_{\alpha}$ $R_{\alpha}(z)$ z
, \alpha 2/4 $(\alpha_{1}<0)$ , Weyl essential spectrum(
) $H_{0}$ .
, Theorem 2.1 , (P) ,
$P_{-\alpha^{2}/4}f=- \frac{1}{2\pi i}\int_{C}R_{\alpha}(z)fdz$
, $C$ $-\alpha^{2}/4$ .(Cf.[6]) (4.1) .
6 . $W(\alpha)$ .
Proposition 4.2 (Generalized Fourier transform for $H_{\alpha}$ ). $(cf.[5,6])\alpha=$
$\alpha_{1}+i\alpha_{2}(\alpha_{1}\leq 0, \alpha_{2}<0)$ .
$\ovalbox{\tt\small REJECT}_{\alpha}=\mathcal{F}_{0}W(\alpha)$ .




(4.3) $(\mathcal{F}_{\alpha}H_{\alpha}f)(k)=|k|^{2}(F_{\alpha}f)(k)$ for $f\in \mathfrak{D}(H_{\alpha})$ .
Proposition , :
$\langle W(\alpha)u, v\rangle=\lim_{\kappaarrow 0}\frac{\kappa}{\pi}\int_{-\infty}^{\infty}\langle R_{\alpha}(\lambda+i\kappa)u, R_{0}(\lambda+i\kappa)v\rangle d\lambda$
$u,$ $v\in \mathcal{H}$ .
80
, Lemma 4. 1 ,
(4.4)
$(W( \alpha)u, v)=\lim_{\kappaarrow 0}\frac{1}{2\pi i}\int_{0}^{\infty}\langle(R_{0}(\lambda+i\kappa)-R_{0}(\lambda-i\kappa))u, v\rangle d\lambda$
$+ \lim_{\kappaarrow 0}\frac{\kappa}{\pi}\int_{0}^{\infty}\frac{\alpha}{2i\sqrt{\lambda+i\kappa}-\alpha}\int_{-\infty}^{\infty}e^{i\sqrt{\lambda+i\kappa}|y|}u(y)dy(\overline{R_{0}(\lambda+i\kappa)R_{0}(\lambda-i\kappa)v})(\mathrm{O})d\lambda$ .




Lemma 4.3. (Generalized Parseval ) $f,$ $g\in \mathcal{H}\cap L^{1}(\mathbb{R}^{1}),$ $\alpha\in\{\alpha=\alpha_{1}+$
$i\alpha_{2}$ ; $\alpha_{1}<0$} $\equiv D$ ,
(4.5) $\langle \mathcal{F}_{\alpha}f, F_{\overline{\alpha}}g\rangle=\langle f, g\rangle+\frac{\alpha}{2}\langle f, e^{(\overline{\alpha}|\cdot|)/2}\rangle\langle e^{(\alpha|\cdot|)/2}, g\rangle$ .
, $\alpha\in(-\infty, 0)$ ,
, $\alpha$ – .
$\alpha_{1}=0$ ,
Proposition 4.4. $f,g\in \mathcal{H}\cap L^{1}(\mathbb{R}^{1})$
$\lim_{\epsilonarrow 0}\langle F_{i\alpha_{2}}f, \chi_{\epsilon}\mathcal{F}_{-i\alpha_{2}}g\rangle=\langle f, g\rangle+\frac{i\alpha_{2}}{4}\int_{\mathbb{R}^{1}}e^{i\alpha_{2}}f(x)dxarrow|x|\int_{\mathbb{R}^{1}}e^{\mathrm{t}\alpha}arrow|y|\overline{g(y)}dy$ ,
, $\chi_{a}$ $\{k\in \mathbb{R};a\leqq||k|+\alpha_{2}/2|\},$ $a>0$ .




. Lemma 4.3 $L^{1}(\mathbb{R})\cap \mathcal{H}$ ,
$\langle W(\alpha)f_{\mathit{8}}, W(\overline{\alpha})f_{\mathit{8}}\rangle=\langle F_{\alpha}f_{6}.,F_{\overline{\alpha}}f_{s}\rangle=||f_{\mathit{8}}||^{2}$ .
, $f_{s}=0$ .
Theorem 2.2 (ii) ,
$\mathcal{E}=$ { $g\in \mathcal{H}\cap L^{1}\backslash (\mathbb{R}^{1})$ : $\int_{\mathrm{R}^{1}}|y||g(y)|dy<\infty$ , $\int_{\mathbb{R}^{1}}e^{-}$ $|y|g(y)dy=0$}.
. 3 :
$g\in \mathcal{E}\Rightarrow F_{-i\alpha_{2}}g\in \mathcal{H}$ ;
$f\in \mathcal{H}$ , $g\in \mathcal{E}\Rightarrow\langle \mathcal{F}_{i\alpha_{2}}f,\mathcal{F}_{-i\alpha_{2}}g\rangle=\langle f, g\rangle$ ;
4 $|\backslash \wedge$ $f$ e(6/2)
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\S 5. OUTLINE OF THE PROOFS OF THEOREMS IN \S 3
Theorem 3.1, 3.2 Proposition .





$e^{-i\kappa|x|}$ , $(N\geq 2)$
where $\kappa=\alpha+i\beta(\alpha\in \mathbb{R}, \beta<0)$ .
(5.1) ,
(52) $u(x)=e^{\mathrm{p}(|x|)}$ ,
(5.3) $p(|x|)=- \mathrm{i}\kappa|x|-\frac{(N-1)}{2}\log|x|+\frac{1}{2}\int_{1}^{|x|}b(s)ds$ .
. $b$
(5.4) $2b_{|x|}(|x|)+b(|x|)^{2}- \frac{(N-1)(N-3)}{|x|^{2}}=0$ ,
, (5.2) (2.1) .
$h(r)=rb(r)$ with $r=|x|$ ,
$2rh_{r}(r)+(h(r)-N+1)(h(r)+N-3)=0$ ,
, (5.2) (2.1) .







.– ( )Fourier ,









Theorem 3.2 Lemma .
Lemma 5.4. Theooem 3.2 , $H_{b}$
Range$(H_{b}-i)=E$ .
, $H_{b}$ $E$ .
$H_{b}$ . $H_{b}-i$ , $h=$




$(-\Delta+b+1)v_{1}=\dot{\iota}(\Delta h_{0}+h_{1})$ , $v_{0}=v_{1}+ih_{0}$ .
. – $L^{2}$ . $\mathrm{D}\mathrm{o}\mathrm{m}(H_{b})=H^{2}(\mathrm{c}\mathrm{f}.[4,5]),$ $\nabla h0\in L^{2}$
,
$v_{1}=i[(-\Delta+b+1)^{-1}\nabla]\cdot\nabla h_{0}+i(-\Delta+b+1)^{-1}h_{1}$ .
Theorem 3.2 :Proposition 3.1 $\mathbb{C}_{-}\subset\sigma_{p}(H_{b})$ .
, $\kappa\in \mathbb{C}+$
$({\rm Im}\kappa)||v||_{E}\leq||(H_{b}-\kappa)v||_{E}$ .
, $\sigma_{p}(H_{b})\cap \mathrm{c}_{+}=\emptyset$ . $\kappa\in \mathbb{R}$ , (5.1) $\overline{u}$
,
$||\sqrt{b()}u||^{2}=0$
, $\sigma_{p}(H_{b})\cap \mathbb{R}=\emptyset$ . , $H_{b}^{*}=H_{-b}$
$\kappa\in\sigma_{r}(H_{b})$ $\Leftrightarrow$ $\overline{\kappa}\in\sigma_{p}(H_{b}^{*})$ & $\kappa\not\in\sigma_{\mathrm{p}}(H_{b})$




$|| \nabla u||^{2}+\beta\int_{\mathbb{R}^{N}}b(x)|u(x)|^{2}dx+\beta^{2}||u||^{2}=\alpha^{2}||u||^{2}$ .
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, Hardy :
$|| \frac{u}{|\cdot|}||\leq\frac{2}{N-2}||\nabla u||^{2}$ ,
( $0\leq b(x)\leq b_{1}|x|^{-1}$ )








(56) $2| \beta|||u||^{2}\leq\frac{2b_{1}}{N-2}||\nabla u||||u||\Leftrightarrow||u||\leq\frac{b_{1}}{N-2}\frac{||\nabla u||}{|\beta|}$ .
, (5.5) (5.6)
$\{1-(\frac{b_{1}}{N-2})^{2}\}||\nabla u||^{2}\leq\alpha^{2}||u||^{2}\leq\alpha^{2}(\frac{b_{1}}{N-2})^{2}\frac{||\nabla u||^{2}}{|\beta|^{2}}$




\S 6. RANK 1
, . \S 4
.
, $\varphi(x)\in L_{s}^{2}(\mathbb{R}^{n}),$ $s>1/2$ , $|\varphi(x)|\leq Ce^{-\alpha|x|},$ $\alpha>0$
(1.2)
(6.1) $\{$
$w_{tt}(x, t)-\Delta w(x, t)+\langle w_{t}(x, t), \varphi\rangle\varphi(x)=0$, $(t, x)\in(\mathrm{O}, \infty)\cross \mathbb{R}^{N}$ ,




$r_{0}(z)=(-\Delta-z^{2})^{-1}$ , (\S 4 )
(6.2)
$R(z)f=R_{0}(z)f+ \frac{i\langle f,(\begin{array}{l}ir_{0}(\overline{z})\varphi\overline{z}r_{0}(\overline{z})\varphi\end{array})\rangle}{1-iz\langle r_{0}(z)\varphi,\varphi\rangle_{0}}$
,
, $\langle\cdot, \cdot\rangle_{0}$ $L^{2}(\mathbb{R}^{N})$ , .
, $R(z)$
$\Gamma(z):=1-iz\langle r_{0}(z)\varphi, \varphi\rangle_{0}$
, .(\S 4 ) \S 2 Schr\"odinger
(solvable model) Theorem 2.1, Lemma 4.1
1 , (6.2) , ( $\Gamma(z)$ )
. , ${\rm Im} z=0$ . ,
$\Gamma(z)=1-\frac{i}{2}\int_{0}^{\infty}(\frac{1}{r-z}-\frac{1}{r+z})r^{N-1}||\hat{\varphi}(r\cdot)||_{L^{2}(\mathrm{S}^{N-1})}^{2}dr$




, , , .
( ) ,
:
Lemma 6.1. $Imz\leq 0$ $\Gamma(z)$ 1 ,
,
Theorem 6.2. $N=1$ ,
$\Phi(r)=|\hat{\varphi}(r)|^{2}+|\hat{\varphi}(-r)|^{2},$ $r\geq 0$





1. S. Albeverio, F. Gesztesy, R. $\mathrm{H}\emptyset \mathrm{e}\mathrm{g}\mathrm{h}$-Krohn and H. Holden, Solvable Models in Quantum
Mechanics, Springer, 1988.
2. M. Kadowaki, H. Nakazawa and K. Watanabe, On the asymptotl’cs of solutions for some
Schr\"odinger equations with dissipative perturbations of rank one. to appear in Hiroshima
Math. J.
85
3. M. Kadowaki, H. Nakazawa and K. Watanabe, Exponential decay and spectral structure for
wave equation with some dissipations, to be submitted.
4. M. Kadowaki, H. Nakazawa and K. Watanabe, Parseval formula for wave equations with
dissipative term of rankl, (in preparation).
5. T. Kato, Perturbation Theory for Linear Operators, $2-\mathrm{n}\mathrm{d}$ edition, Springer-Verlag, 1976.
6. S. T. Kuroda, Spectral Theory II, Iwanami, Tokyo, 1978.
7. M. Reed and B. Simon, Methods ofModern Mathematical Physics, IV, Analysis of Operators,
Academic Press, 1978.
KAZUO WATANABE, 1-5-1 MEJIRO, TOSHIMA, TOKYO 171-8588, JAPAN
$E$-mail address: kazuo.watanabe@gakushuin.ac.jp
86
